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ABSTRACT
Distributed evacuation of mobile robots is a recent development.
We consider the evacuation problem of two robots which are ini-
tially located at the center of a unit disk. Both the robots have to
evacuate the disk through the exits situated on the perimeter of
the disk at an unknown location. The distance between two exits
along the perimeter d is given. We consider two different com-
munication models. First, in the wireless model, the robots can
send a message to each other over a long distance. Second, in
face-to-face communication model, the robots can exchange in-
formation with each other only when they touch each other. The
objective of the evacuation problem is to design an algorithm
which minimizes the evacuation time of both the robots. For the
wireless communication model, we propose a generic algorithm
for two robots moving to two points on the perimeter with an ini-
tial separation of ζ ≤ d . We also investigate evacuation problem
for both unlabeled and labeled exits in the wireless communica-
tion model. For the face-to-face communication model, we pro-
pose two different algorithms for ζ = 0 and ζ = d for unlabeled
exits. We also propose a generic algorithm for ζ ≤ d for labeled
exits. We provide lower bounds corresponding to different d val-
ues in the face-to-face communication model. We evaluate the
performance our algorithms with simulation for both of the com-
munication models.
CCS Concepts
•Theory of computation→ Design and analysis of algorithms;
Distributed algorithms;
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Mobile Robots, Evacuation, Distributed Algorithm
1. INTRODUCTION
Searching is an inherent problem in computer science. Being
an intriguing field with a long history, plethora of research had
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been conducted on search problems using a multitude of mod-
els. The models considered include probabilistic search model [11],
cops and robbers model [2], search problem in group [1], classi-
cal pursuit and evasion [4, 10] to name a few. In these papers, the
goal is mainly to find an object located in a specific domain.
In this paper, the search problem requires the evacuation of
robots from a disk. Unlike traditional search problems, we are
trying to minimize the time needed for the last robot to exit the
disk. The search targets, i.e., the exits are located at arbitrary
points on the perimeter not known a priori. The robots have no
knowledge about the position of exits, but they have some infor-
mation about the distribution of exits. The time for evacuation
can be considered to be the competitive ratio of the algorithm,
given the robots have a speed of 1 unit distance per unit time.
Here the competitive ratio is the ratio of maximum distance trav-
eled by any robot over all possible position of exits on the perime-
ter and the minimum distance between the starting position of
the robots and location of exit. The robots cooperate with each
other to locate the exits. If there are two robots, then we need
both the robots to exit the disk as soon as possible and the com-
petitive ratio is the supremum of the maximum distance traveled
by any of the two robots.
We study the evacuation from a disk for two robots and two
exits. The robots start from the center of the disk and attempt to
reach exits located at some point on the perimeter. The robots
can move anywhere within the perimeter of the disk. Each robot
has the knowledge of the distribution of exits over the perimeter
of the unit disk. The robots can communicate with each other in
awireless manner or when they come in contact, which is termed
as face-to-face communication. We introduce the notion of la-
beled exits, where the exits have identities and relative ordering.
1.1 Our Contribution
In this paper, we propose following evacuation algorithms for
two different communication models where two robots evacuate
via the exits situated on the perimeter of a unit disk starting from
the center. We consider both unlabeled and labeled exits.
• In wireless communication model, we propose a generic
algorithm for evacuation of robots moving to the perimeter
with separation ζ≤ d .
• In the face-to-face communication model, we use the meet-
ing of the robots to gain more information about search
space and achieve an agreement, while reducing the time
required to evacuate and propose solutions to the problem
for ζ= 0 and ζ= d .
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• We propose lower bounds for specific values of d in the
face-to-face communication model.
• We compare the algorithms with simulations in both com-
munication models for both labeled and unlabeled exits
which provides insights about how the worst-case evacu-
ation time varies with d .
1.2 Related Works
Czyzowicz et al. [6] introduced the search algorithm for robots
in a disk. In [6], they proposed two different communication
models namely, wireless and face-to-face. In the wireless model,
robots can communicate at any point in time. So the robot that
finds the exit can immediately communicate the location of exit
and then the other robot can also exit the disk. They provided
optimal worst-case evacuation time for two robots in wireless
model, as 1+ 2pi3 +
p
3 ≈ 4.826. In the face-to-face communica-
tion model, [6] provided upper bound of 5.740 and lower bound
5.199 for the single exit with two robots. After that Czyzowicz et
al. [7], again improved the lower bound and upper bound for two
robots with one exit in a disk, by proposing linear and triangu-
lar detours at the worst case positions. They improved the upper
bound to 5.628 and lower bound to 3+ pi6 +
p
3≈ 5.255. In [5], the
search domain is restricted to only the perimeter of the circle.
The robots have wireless communication. They provide upper
and lower bounds for different distribution of exits. In [9], the
robots with different speeds are considered in wireless commu-
nication model. Borowiecki et al. [3] have explored evacuation
from graphs, where some of the vertices in a graph contain exits.
The robots in the distributed model try to exit from the graph,
where they change their strategy in an online fashion while they
obtain more information as they move. The problem considered
in this paper can be viewed as a generalized version of the gath-
ering problem [8] with multiple predefined gathering locations.
The rest of the paper is organized as follows. First, Section 2
introduces notations and conventions to be used. In Section 3,
we propose a generic algorithm for evacuation in the wireless
communication model, which works for any initial separation of
robots less than d for both unlabeled and labeled exits. In Sec-
tion 4, we propose two evacuation algorithms in the face-to-face
communication model for ζ = 0 and ζ = d for unlabeled exits.
Also we propose a generic algorithm for labeled exits and provide
lower bounds for different values of d . Further in Section 5, we
provide simulation results for our algorithms and compare them.
Finally we conclude in Section 6.
2. PRELIMINARIES
The disk considered is a unit disk. The two robots are denoted
as R1 and R2. d is the length of the smaller arc between two exits
located on the perimeter. The length of a chord corresponding to
an arc of length d is 2sin(d/2). ÙAB denotes the smaller arc over
the perimeter joining two points A andB . In general,ÙAB denotes
the arc starting from A and moving in the clockwise direction un-
til B . SoÙAB andÙBA combined make the circle. AB denotes the
line segment joining points A and B . We also useÙAB and AB to
denote the length of arc and line segment respectively. In this
paper, we compute the evacuation time starting from the point
on perimeter. So the total evacuation time is the computed evac-
uation time added by 1, which is the time required to reach the
point on the perimeter from O.
2.1 Model
The identical point robots can move anywhere within the disk.
The two robots travel with uniform speed, i.e., 1 unit distance per
unit time. The robots can have two different modes of commu-
nication, wireless or face-to-face. They have the ability to solve
trigonometric equation.
3. EVACUATION IN WIRELESS COMMU-
NICATION MODEL
This section considers robots with wireless communication ca-
pability. The robots can send and receive messages in a wire-
less manner even if they are present at different positions at a
particular time instance. In this section we present Algorithm 1
(EVACUATEWL) for evacuation. The robots start moving from the
center towards the boundary and start searching for the exits.
The algorithm is evoked if a robot encounters an exit or receives
a message. The message exchanged by the robots can just be a
one bit message. Messages are reliable and message propagation
delay is ignored.
3.1 Algorithm for Evacuation
The two robots R1 and R2 start at the center of the circle O.
They move to two points B and C on the perimeter. We consider
O as the origin and
−−→
OA as the positive x-axis. Say ÙBC = ζ. For
simplicity, consider A as the midpoint ofÙBC . SoÙBA =ÙAC = ζ/2.
Say, R1 moves in the counter-clockwise direction and R2 in the
clockwise direction. Suppose two exits are located at E1 and E2.
Without loss of generality, let us consider that R1 finds the exit
E1 at X before R2 unless both find the exits simultaneously. Now,
R1 sends a message to R2 that it found the exit. Given the two
robots have the same velocity, R2 can find out the location of the
exit E1 based on the position of R1. Say ÙXB =ÙCD = x. Since the
robots know d , the distance over arc between the exits, they can
predict two probable positions for the exit at E ′1 and E
′
2. Let E
′
1 be
the closest exit in clockwise direction and E ′2 is the closest exit in
counter-clockwise direction from X . There can be four different
cases based on the value of x and ζ.
Algorithm 1 can be described as following.
Case 1: Both E ′1 and E
′
2 are unexplored
In this case, R2 can move towards the definite exit X or
it can go to the two probable exit positions E ′1 and E
′
2. It
chooses the minimum of the two. There can be three dif-
ferent situations in this case.
• 2x+ζ≤ d
The time for evacuation isÙCD+min(DX ,DE ′1+E ′1E ′2),
i.e., x+min(2sin(x+ζ/2),2sin(d/2−x−ζ/2)+2sin(pi−
d)) as shown in Fig. 1.
E′1
E′2
A
B
C
X
D
O
Figure 1: Both E ′1 and E
′
2 are in
ÙDX
• x ≤ d < x+ζ and d +2x+ζ< 2pi
The time for evacuation isÙCD+min(DX ,DE ′1+E ′1E ′2,
DE ′2+E ′1E ′2), i.e., x+min(2sin(x+ζ/2),2sin(x+ζ/2−
Algorithm 1: EVACUATEWL
Input : Center and radius of the circle, and distance d
between the two exits
Output: Path of evacuation
1 if encounters an exit then
2 Send a message to other robot
3 Evacuate through that exit
4 if encounters an exit and receives a message simultaneously
then
5 Evacuate through that exit
6 if receives a message then
7 Current position of the robot is D
8 The position of other robot is X
9 Determine probable exit positions E ′1 and E
′
2
10 Check if the locations E ′1 and E
′
2 are explored or not
11 if none of them are explored then
12 The path is min(DX ,DE ′1+E ′1E ′2,DE ′2+E ′1E ′2)
13 if one of them is explored then
14 Say E ′1 is already explored
15 The path is min(DX ,DE ′2)
16 Move along the path to find an exit
17 Evacuate through that exit
d/2)+2sin(pi−d),2sin(x+ζ/2+d/2)+2sin(pi−d)) as
shown in Fig. 2.
A
B
C
X
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E′1
D
Figure 2: E ′1 is in ÙDX and E ′2 is inÙBC
• x ≤ d < x+ζ and d +x+ζ> 2pi
The time for evacuation isÙCD+min(DX ,DE ′2+E ′1E ′2),
i.e, x+min(2sin(x+ζ/2),2sin(d/2+x+ζ/2−pi)+2sin(pi−
d)) as shown in Fig. 3.
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D
Figure 3: E ′1 and E
′
2 are in
ÙBC
Case 2: E ′1 is unexplored, i.e., x < d and x+ζ+d < 2pi< 2x+ζ+d
In this case, as E ′2 is already explored, so there is definitely
an exit atE ′1. So the time for evacuation isÙCD+min(DX ,DE ′1),
i.e., x+min(2sin(x+ζ/2),2sin(x+ζ/2−d/2)) as shown in
Fig. 4.
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D
Figure 4: E ′1 is inÙBC and E ′2 is inÙCD
Case 3: E ′2 is unexplored
In this case, as E ′1 is already explored, so there is definitely
an exit atE ′2. So the time for evacuation isÙCD+min(DX ,DE ′2),
i.e., x +min(2sin(x + ζ/2),2sin(x + ζ/2+ d/2)). This case
happens in the following two situations.
• x+ζ≤ d < 2x+ζ and d +2x+ζ< 2pi
E ′1 is onÙCD and E ′2 lies on ÙDX as shown in Fig. 5.
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D
Figure 5: E ′1 is onÙCD and E ′2 lies on ÙDX
• d < x and and d +2x+ζ< 2pi
E ′1 is onÙXB and E ′2 lies on ÙDX as shown in Fig. 6.
A
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X
E′2
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D
Figure 6: E ′1 is onÙXB and E ′2 lies on ÙDX
THEOREM 1. If at least a robot encounters an exit, then anagree-
ment for evacuation path in the wireless communicationmodel is
achieved when the other robot receives the message.
PROOF. If both the robots find the exits simultaneously, then
they exchange messages and an agreement is achieved. Both the
robots exit via their respective exits.
If one robot finds the exit, then it sends a message to other
robot. When the second robots receives the message, it can de-
termine the location of one exit and two probable exit locations.
Then it determines the path of evacuation according to Algorithm 1.
Hence an agreement is achieved.
The cases mentioned above are applicable for cases where 0≤
ζ ≤ d . If d < ζ, then the worst case arises in the situation where
both the exits lie on the unexplored part of the perimeter as shown
in Fig. 7. So, the robots have to go back the unexplored part of
the perimeter, when they do not find the exits. This increases the
evacuation time compared to Algorithm 1 for ζ ≤ d . This case
can be considered independent of the series of cases described
before this, since the condition for this case is independent of x.
In this special case the time of evacuation is always greater thanÙDB +DB , i.e., pi−ζ/2+2sin(pi−ζ/2).
AB
C
E′2
E′1
D
Figure 7: ζ> d
REMARK 1. It is easy to observe that if both the robots travel in
the same direction (say clockwise) starting from different points,
then the time for evacuation increases compared to Algorithm 1 in
the worst case.
3.2 Labeled Exits
Consider the exits are labeled. This means when a robot en-
counters an exit, it can identify whether the exit is E1 or E2. The
robots have prior knowledge that the E2 lies at a distance d from
E1 in the counter-clockwise direction. This provides the robots
with enough information to locate both the exits on the perime-
ter. If R1 finds the exit E1 first, then R2 knows the exact locations
of both exits and it can move towards the nearest exit.
There can be the following two situations if E1 is located as X .
Case 1: E2 lies on ÙDX
The time for evacuation is ÙCD +min(DX ,DE2), i.e., x +
min(2sin(x+ζ/2),2sin(x+ζ/2+d/2)) as shown in Fig. 8.
A
B
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X
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D
Figure 8: E2 lies on ÙDX
Case 2: E2 lies onÙBC
The time for evacuation is ÙCD +min(DX ,DE2), i.e., x +
min(2sin(x+ζ/2),2sin(d/2+x+ζ/2−pi)) as shown in Fig 9.
A
B
C
X
E2
D
Figure 9: E2 lies onÙBC
Similarly, we can consider E2 is encountered at X by R1. The
analogous cases would be E1 either lies on ÙDX orÙBC .
4. EVACUATION IN FACE-TO-FACECOM-
MUNICATION MODEL
This section presents algorithms for robot evacuation with face-
to-face communication, i.e., the robots can exchange informa-
tion only when they lie on the same point simultaneously. In
this model, we consider only two specific cases for the value of
ζ. Those are ζ= 0, i.e., both the robots moving to the same point
on the perimeter and ζ = d , i.e., both the robots moving to dif-
ferent points on the perimeter which are d distance apart from
each other.
4.1 Same Point on Perimeter (ζ= 0)
In this section, we describe an evacuation algorithm where the
robots move from the center of the disk to the same point on the
perimeter. Initially, R1 and R2 move together from center of the
disk, O, to an arbitrary point A on the perimeter. Suppose two
exits are located at E1 and E2. The robots R1 and R2 move in the
different direction starting from A. We consider O as the origin
and
−−→
OA as the positive x-axis.
Suppose R1 encounters exit E1 at X , where ÙX A = x. R1 com-
putes two probable exit positions E ′1 and E
′
2 such that
ÚE ′2X = d
and ÚXE ′1 = d as shown in Fig. 10. R1 then computes a point M
such that ÙX A+ XM = ÙAM . Say ÙAM = y . Consequently, XM =
2sin((x+ y)/2). Now, y is the solution to the following equation,
x+2sin
( x+ y
2
)
= y (1)
Based on the relations of x, y and d , we have the following four
cases.
Case 1: x+ y ≤ d
In this case, R1 catches R2 before it can encounter closest
probable exit E ′1. As shown in Fig. 10, if both robots return
to X for exiting the disk, then the time for evacuation isÙAM + XM = 2y − x. Instead of returning to X , the robots
can go to E ′1 and E
′
2 since one of them contains an exit. If
E ′1 is the other exit, then evacuation time is y+ME ′1, other-
wise the evacuation time is y+ME ′1+E ′1E ′2. So the time for
evacuation in the worst case is y+min(y−x,ME ′1+E ′1E ′2).
A
X
M
E′1
E′2
O
Figure 10: R1 catches R2 before probable exit and goes to either
the definite exit X or the probable exits E ′1 and E
′
2
Case 2: d < x+ y and x ≤ d/2
Case 2a: R1 tries to catch R2 on the circle if y ≤ÚAE ′2. If it
finds R2 on the circle, then there is no exit present at E
′
1. So
the time for evacuation is y +min(MX ,ME ′2) if R1 catches
R2 as shown in Fig. 11. If there is an exit present at E
′
1, then
R2 would catch R1 on XM according to Case 3a.
A
X
E′1
M
O
E′2
Figure 11: R1 tries to catch R2 at M and returns to closest exit.
Case 2b: If ÙAM >ÚAE ′2, R1 exits at X as shown in Fig. 12.
The time for evacuation in the worst case is 2pi−d −x.
AE′1
O
M
E′2
X
A
E′1
O
M
E′2
X
Figure 12: R1 exits at X since M is beyond E
′
2.
Case 3: d/2< x < d
In this case, when R1 encounters an exit at X , R2 may have
already encountered another exit at E ′1. R1 computes E
′
3
such that ÚE ′1E ′3 = d and M ′ such thatÚAE ′1 +E ′1M ′ =ÚM ′A.
Case 3a: If ÚM ′A <ÚE ′3A, then R1 tries to catch R2 on E ′1M ′,
if R2 is trying to catch R1 on the circle (i.e., R2 satisfies Case
2a). In this case R1 computes point N on E ′1M ′ such thatÙX A+XN =ÚAE ′1+E ′1N .
• If R1 finds R2 at N , then R1 and R2 have encountered
exits at X and E ′1 respectively. So the time for evacua-
tion isÙX A+XN +min(NX ,NE ′1) (ref. Fig. 13).
X
E′1
E′3
M ′
N
O A
Figure 13: R1 tries to catch at N
• If R1 does not find R2 at N implies that R2 did not
encounter an exit at E ′1. So R1 finds point P such thatÙAP =ÙX A+XN +NP .
– If ÙAP <ÚAE ′2, then R1 catches R2 at P . The time
for evacuation isÙAP+min(PE ′2,PX ) as per Fig. 14.
X
E′1
E′3
M ′
N O
P
A
E′2
Figure 14: R1 catches R2 at P beofre E
′
3.
– If ÙAP ≥ÚAE ′2, R1 goes to the closest exit from N
as shown in Fig. 15. The time for evacuation isÙX A+XN +min(NX ,NE ′2)
X
E′1
E′2
M ′
N O
P
AE′3
Figure 15: R1 moves to closest exit from P
Case 3b: If ÚM ′A ≥ÚE ′3A, R1 exits at X . The time for evacua-
tion in the worst case is max(x,2pi−x−d) as per Fig. 16.
X
E′1
E′3
M ′
O
A
Figure 16: R1 exits at X since M
′ is beyond E ′3.
Case 4: d ≤ x
When R1 encounters the exit at X , it already knows that E
′
2
is the other exit. R1 computes M such that ÙAM =ÙX A+XM .
Case 4a: If ÙAM <ÚAE ′2, then R1 catches R2 before R2 en-
counters an exit as shown in Fig. 17. So the evacuation time
is ÙAM +min(ME ′2,MX ).
A
X
M
E′2
O
Figure 17: R1 catches R2 at N after missing at M
Case 4b: If ÙAM ≥ÚAE ′2, then R2 reaches exit at E ′2 before R1
can catch it as shown in Fig. 18. So R1 and R2 exit from X
andE ′2 respectively. So the time of evacuation is max(ÙX A,ÚAE ′2),
i.e., max(x,2pi−d −x).
X
E′2
O
AM
Figure 18: R2 reaches exit before M
Case 4c: If 2x +d ≥ 2pi, then R2 has already encountered
exit by the time R1 has encountered an exit. So R1 exits at
X . The time for evacuation is x as per Fig. 19.
X
E′2
O A
Figure 19: R2 reaches exit before R1 reaches X
THEOREM 2. An agreement for evacuation is achieved for ζ= 0
in the face-to-face communication model.
PROOF. There are broadly two different situations for two robots
to have an agreement for evacuation. In most of the cases, the
robots meet with each other, exchange information and evacuate
the disk via the nearest exit. But in some other cases, the robots
agree on their respective path of evacuation without meeting each
other, since they can obtain the complete information about the
behavior of the other robot at some intermediate point. The al-
gorithm for ζ = 0 in face-to-face communication model guaran-
tees that the behavior of the two robots are consistent in all the
situations, i.e., either both meet or both exit separately without
meeting. The cases are as following.
Case 1: x+ y ≤ d , in this case, an agreement is achieved at M ,
when R1 catches R2. R2 was following the circular path till M
before it got caught (ref. Fig. 10).
Case 2: d < x+y and x ≤ d/2, in this case, an agreement can be
achieved at M , ifR1 catchesR2 (ref. Fig. 11). HereR2 follows Case
3. SoR1 can get caught on XM . IfR1 gets caught before it reaches
M , then it obtains the locations of both exit and an agreement is
achieved (ref. Fig. 13).
If x + y > 2pi−d , then R1 exits at X , since R1 realizes that it
cannot catch R2 before it encounters an exit. If R2 encounters an
exit, R2 also evacuates at that exit (ref. Fig 16).
Case 3: d/2 < x < d , in this case, an agreement is achieved at
either N (ref. Fig 13) or X (ref. Fig. 16). For an agreement at
N , the robot R2 was following Case 2 (ref. Fig. 11) at the time
of meeting. R1 can always predict the exact path of R2 once it
has the complete information regarding exits. In other words,
complete information leads to an agreement. Here R1 can obtain
complete information at N , i.e., it knows the location of other exit
and the behavior of R2 (ref. Fig. 18). Then both R1 and R2 can
achieve an agreement together at P (ref. Fig. 14) or separately at
N and E ′2 (ref. Fig. 15).
R1 can also achieve an agreement at X , if R2 has already exited
at E ′1 according to Case 2 (ref. Fig. 12). If the other exit is at E
′
2,
then R2 follows either Case 3 (ref. Fig. 16) or Case 4 (ref. Fig. 18)
and exits at E ′2.
Case 4: d ≤ x, in this case, R1 already knows the position of
other exit and can predict the behavior of R2. So it obtains the
information at X , and achieves an agreement at X (ref. Fig. 18
and 19) or at M (ref. Fig. 17). Here R2 can follow Case 3 (ref.
Fig. 16) or Case 4 (ref. Fig. 18).
4.2 Different Points on Perimeter (ζ= d)
Consider R1 and R2 start from points B and C such thatÙBC =
d . They start moving in opposite directions. If the initial separa-
tion is more than d , then there is a chance that both the exit lie
in that arc and remain unexplored. In this section, we can reduce
the search space by d , since at least one exit exists in the remain-
ing perimeter. Similar to Section 4.1, we consider O as the origin
and
−−→
OA as the positive x axis. Taking A as the midpoint of ÙBC
gives usÙBA =ÙAC = d/2.
Without loss of generality, considerR1 finds exit E1 at X , whereÙXB = x. R1 computes the probable exit position E ′2 at a distance
d over the perimeter from X , such that ÚE ′2X = d . There are two
cases with respect to the value of x and d .
Case 1: x < d
R1 computes the position of M such thatÙXB +XM =ÙCM .
Say ÙCM = y . Now, y is a solution to the following equation
y = x+2sin
(
x+ y +d
2
)
(2)
Case 1a: If E ′2 is not located in ÙCM , then the robots have
to return to the known exit at X . In this case, clearly R2
remains on the path, since it did not encounter any exit
before y , i.e., ÙCM does not have any exit. So the exit time isÙCM +MX , i.e., 2y −x as shown in Fig. 20.
O
A
C
B
M
X
E′2
X
M
E′2
A
C
B
O
Figure 20: E ′2 is not in ÙCM
Case 1b: If E ′2 lies in ÙCM , then R1 moves along XE ′2 until N
such that x+XN =ÚCE ′2+E ′2N as shown in Fig. 21. If E ′2 is
the other exit, then the exit time is x+XN+min(XN ,E ′2N ).
A
B
C
N
M
X
E′2
Figure 21: E ′2 lies in ÙCM
Case 1c: If E ′2 is not an exit, thenR1 will not encounterR2 at
N , then it calculates point P such thatÙCP = x+XN +NP .
Then the total time required is x+XN+NP+min(PX ,PE ′1)
as shown in Fig. 22.
A
B
C
M
X
E′2
P
N O
E′1
Figure 22: E ′2 lies in ÙCM and it is not an exit
Case 2: d ≤ x
R1 knows the probable exit position at E
′
2 is a real exit.
Case 2a: If ÚCE ′2 < d as shown in Fig. 23, then R1 moves
along XE ′2 and encounters R2 at N . The time for evacua-
tion isÙXB +2XN .
A
B
C
N
X
E′2
Figure 23:ÚCE ′2 < d
Case 2b: If ÚCE ′2 ≥ d , then R2 also knows that X is a real
exit, so both R1 and R2 will exit via X and E
′
2 respectively as
shown in Fig. 24. Total time required is min(x,2pi−x−2d).
AB
C
X
E′2
O
Figure 24: ÙBX > d andÚCE ′2 > d
Case 2c: R1 catches R2 before it encounters E
′
2. Then both
robots go to the nearest exit. The time for evacuation isÙCM +min(MX ,ME ′2) as per Fig. 25.
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Figure 25:ÚCE ′2 >ÙCM
THEOREM 3. An agreement for evacuation is achieved for ζ =
d in the face-to-face communication model.
PROOF. Similar to the proof of Theorem 2, the algorithm for
ζ= d in the face-to-face communication model, guarantees that
the behavior of the two robots are consistent in all the situations,
i.e., either both meet or both exit separately without meeting.
The cases are as following.
Case 1: x ≤ d , in this case, R1 behaves based on the loca-
tion of E ′2, where
ÚE ′2X = d . Clearly, E ′2 is the exit in the counter-
clockwise direction from X . In this case, the exit in the clockwise
direction from X always lies on ÙBC . If R1 can catch R2 before
it reaches E ′2, then both robots achieve an agreement at M (ref.
Fig. 20). Otherwise, R1 tries to meet on the line XE
′
2. If they meet
at N , then they achieve an agreement (ref. Fig. 21 and 23). If R2
is not present at N , then there is not an exit at E ′2. Thence they
achieve an agreement at P , where R1 catches R2 (ref. Fig. 22).
Case 2: x > d , in this case, R1 knows the position of both ex-
its. If R2 finds an exit and falls in Case 1, then for R2 to achieve
an agreement, it needs to know the situation of R1. Hence R1
has to meet R2 at N to achieve an agreement (ref. Fig. 21 and
23). If R2 also falls in Case 2, an agreement can be achieved with-
out meeting, since both robots have complete information of the
exit locations (ref. Fig. 24). Otherwise, R1 catches R2 before R2
encounters an exit (ref. Fig. 25), and achieve an agreement at
M .
4.3 Labeled Exits
In this section, we propose a generic algorithm for labeled exits
in face-to-face communication model for any ζ≤ d . As the exits
are labeled, once a robot encounters an exit, it can determine the
location of other exit. Then it checks whether the other robot
has encountered an exit or not. Without loss of generality, say R1
finds exit E1 at X . It tries to catch R2, if and only if it can catch
R2 before R2 encounters an exit. Otherwise, R1 exits at X . Since
we have considered R1 cannot catch R2 even when it encounters
the exit first, this implies that R2 also cannot catch R1 before it
encounters an exit. So R2 also exits at its respective exit. This
guarantees an agreement for labeled exits. Let ÙXB = x andÙBC =
ζ. Let X ′ be the location ofR2 whenR1 is at X , i.e., ÙCX ′ = x. There
can be four different situations based on the location of E ′1 and
E ′2, where
ÚXE ′1 =ÚE ′2X = d . R1 calculates M where ÙXB + XM =ÙCM = y . y is the solution to the following equation
y = x+2sin
(
x+ y +ζ
2
)
(3)
The following cases describe the situations only whenR1 encoun-
ters the exit before R2. If R2 encounters an exit before R1, then
we can consider R2 as R1 and vice versa.
Case 1: E ′1 does not lie on ÙCM , i.e., x+ζ+ y ≤ d or x < d < x+ζ.
The time for evacuation is y +min(MX ,ME ′1) as shown in
Fig. 26.
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Figure 26: E ′1 is not in ÙCM
Case 2: E ′1 lies on ÚX ′M , i.e., 2x + ζ ≤ d < x + ζ+ y . The time for
evacuation is d −ζ−x as shown in Fig. 27.
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Figure 27: E ′1 lies on ÚX ′M
Case 3: E ′2 does not lie on ÙCM , i.e., x +ζ+ y +d < 2pi or x +d <
2pi< x+ζ+d . The time for evacuation is y+min(MX ,ME ′2)
as shown in Fig. 28.
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Figure 28: E ′2 is not in ÙCM
Case 4: E ′2 lies on ÚX ′M , i.e., 2x + ζ+d < 2pi ≤ x + y + ζ+d . The
time for evacuation is 2pi−d −ζ−x as shown in Fig. 29.
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Figure 29: E ′2 lies on ÚX ′M
4.4 Lower Bounds
In this section, we propose lower bounds for any determinis-
tic algorithm D for two exits. The general structure of the lower
bound follows a common pattern. We consider a polygon where
each side of the polygon is of size v = 2sin(d/2). Since the dis-
tance between two exits is d , so if one exit lies on the corner of the
polygon, then the other exit also lies on the corner of the polygon.
In the following lemmata we show the minimum time required
for two robots to exit from the polygon containing two exits.
LEMMA 1. Consider an equilateral triangle with side lengthp
3 with exits situated on two of the vertices of the triangle. In the
worst case, it takes at least
p
3 amount of time to exit the disk for
both the robots starting from any two arbitrary vertex.
PROOF. There are two exits to be placed on three vertices. If
one of them does not have the exit, then the other two have the
exits. So the robot on the vertex without exit moves to any of the
other two vertices with exit in
p
3 amount of time.
LEMMA 2. For d > 2pi/3, if there are twopoints d distance apart
and one exit lies on one of the points, then it takes at least sin(d)
amount of time in the worst case.
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Figure 30: The robots start from A and B
PROOF. Consider Fig. 30. Suppose the two robots start from
the points A and B on the circle. One of those points definitely
contains an exit, say that is point B . Then the other exit would
be at either A or C . Then the robot at A has to go to C , which is
the closest exit to evacuate from the disk. Now AC = 2sin((2pi−
2d)/2)= 2sin(d).
LEMMA 3. Starting from any vertices of the following polygons
with corresponding d values, the robots require at least 2 amount
of to exit the disk in the worst case.
1. Square with side length
p
2, where d =pi/2
2. Pentagon with side length 2sin(pi/5), where d = 2pi/5
3. Hexagon with side length 1, where d =pi/3
A B
F
A B
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Figure 31: Polygons with side length 2sin(d/2), where d = pi/2,
2pi/5 and pi/3
PROOF. The two robots can start from any of the vertices. These
polygons were constructed such that the sides of polygons corre-
sponds to d in terms of arc length. So if one of the vertices con-
tain an exit, then one of its neighbor also contains a vertex, i.e.,
two consecutive vertices contain the exits. Examine the scenario
shown in the Fig.31. After the two robots meet there can be two
cases,
1. At least one of the two vertices contain an exit.
2. None of the two vertices contains any exit.
If one of the two vertices contain an exit, then they can exit via
that exit. If none of the two vertices contain any exit, then the
robots can exit via vertex F, marked in the Fig. 31, which defi-
nitely contains an exit. Since we want to minimize the time re-
quired to exit the disk, the meeting point should be equidistant
from the three probable exit points, which are the vertices of the
polygon. So center of the disk is chosen as the meeting point.
Hence the total amount of time required to exit the disk is trav-
elling from vertex to center, i.e., 1 and again center to exit vertex,
i.e., 1. Hence 2 unit of time is required in total.
THEOREM 4. The lower bound of worst-case evacuation time
for two robots with face-to-face communication starting at the
center of a unit disk having two exits on its perimeter at a distance
d over the arc is the following.
1. 1+ sin(d) for pi≥ d > 2pi/3
2. 1+p3 for 2pi/3≥ d >pi/2
3. 3 for 0< d ≤pi/2
PROOF. From Lemma 1, the robots need at least
p
3 starting
from any vertex of a triangle. Traveling to any vertex of the tri-
angle from the center takes 1 amount of time. Hence the total
time required to exit the disk is 1+p3. Similarly from Lemma 3,
we can say that the minimum time needed to exit the disk is 3,
i.e., 2 for exiting from the polygon, and 1 to reach the perimeter
from the center. Now, for the d values which lie in between, the
exit time cannot be less than the exit times for regular polygons.
Similarly from Lemma 2, for d > 2pi/3 it takes 1+ sin(d), where
1 being the distance to travel from center to perimeter of disk.
Hence the theorem follows.
5. SIMULATION RESULTS
5.1 Wireless Communication
In the simulation part, we have found out the worst case evac-
uation times for all d ∈ [0,pi]. We have done the simulation for
three values of ζ, namely, ζ = 0, ζ = d/2 and ζ = d . Fig. 32 plots
the worst case time for evacuation versus the distance between
two exits, d . We have done the simulation for d values with a
0.01 step size and the corresponding position of exits with a 0.001
step size. In this we have considered all possible position of exits
and found the maximum as the worst case time for evacuation.
It can be observed from Fig. 32 that the worst case evacuation
time is less if the two robots start at a distance d apart initially.
Since this is a search problem, reducing the search space can be
an effective method to reduce the worst case evacuation time. As
we have two exits and we know the distance between them, we
can easily remove an arc length equal to d from the perimeter
because two exits cannot lie within a d distance arc.
From Fig. 32, it is clear that ζ= d performs better compared to
ζ = 0 and ζ = d/2. Even, ζ = 0 performs better than ζ = d/2 for
d > 1.21. It can be observed from the figure that, it is not strictly
monotonous for ζ= 0 or ζ= d . The reason for this is that there is
a transition between cases when there is a local minima or local
maxima is present.
As per Fig. 32, for ζ = 0, it is monotonous until 2pi/3. For d ≤
2pi/3, it follows the case d < x, i.e., one of the probable exits posi-
tions is already explored. As this continues the time for evacua-
tion decreases for the same situation as the value of d is increas-
ing. But for d > 2.09, it changes to a case where both probable ex-
its are unexplored, hence the time for evacuation increases. Also
the plot is curved since the worst case continuously switches be-
tween going to the known exit and visiting the probable exits for
d > 2pi/3 for ζ= 0.
As per Fig. 32, for ζ = d , observe that there is a local minima
at d = 2pi/3. The minima marks the end of the case where d < x,
that is both exit positions are known. For 0.93 < d ≤ 2pi/3, both
the probable exits are unexplored and so the evacuation time in-
creases and then decreases. In the range, where the evacuation
time increases until it reaches the local maxima at d = 1.385, the
unexplored exit E ′1 lies on ÙBC very close to B . For 2pi/3 < d ≤
2.69, the evacuation time monotonically decreases and the corre-
sponding case has one probable exit explored and the other exit
lies in the skipped area. For d > 2.69, both the probable exits are
unexplored and the worst case situation switches between going
towards the known exit and going towards the two probable exits.
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Figure 32: Comparision of Algorithms for different ζ values for
wireless communication with unlabeled exit locations
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Figure 33: Comparision between evacuation time of Unlabeled
and Labeled exit locations for ζ= 0
In Fig. 33, we plot the evacuation time for labeled exit location
and unlabeled exit locations for ζ = 0 and ζ = d . It can be easily
observed that the labeled exit time is strictly monotonic for ζ= 0.
For ζ = d , the evacuation time for labeled exits falls closely with
unlabeled exits.
In Fig. 34, we plot the evacuation time for labeled exit locations
for various values of ζ such as {0.1d ,0.2d , · · · ,d}. Then we take the
minimum of all these for particular d values and we obtain the ζ
values for which we get the least evacuation time. Table 1 lists
the minimum evacuation time for particular ζ values in wireless
communication model.
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Figure 34: Comparision between evacuation time of Labeled exit
locations for different ζ values in {0.1d ,0.2d , · · · ,d} from top to
bottom in increasing order
ζ MinimumTime d Exits
0 pi/4+p2≈ 2.1996 pi Unlabeled
d pi/4+p2 pi Unlabeled
d/2 pi/2+p2≈ 2.985 pi Unlabeled
0 pi/4+p2 pi Labeled
d pi/4+p2 pi Labeled
d/2 2.88 1.26 Labeled
Table 1: Minimum evacuation time for different values of ζ for
Labeled and Unlabeled Exits in wireless communication model
5.2 Face-to-Face Communication
In this Section, we compare the algorithms for ζ = 0, in Sec-
tion 4.1 and ζ = d , in Section 4.2. The simulation is conducted
for d ∈ [0,pi]]. For the simulation, we have considered discrete
points with interval 0.01 for d . Then for each d , we have taken
the location of exits with interval 0.001 in [0,2pi]. For each posi-
tion of exit, we calculated the time required to exit the disk. We
calculated the solution to the equations using bisection method
with error threshold 10−6. Then we took the maximum over all
those values. In Fig. 35, we compare the worst case evacuation
time for ζ= 0 and ζ= d for both labeled and unlabeled exit loca-
tions . We can observe that, for unlabeled exits, ζ = d performs
better compared to ζ = 0 for all d except d ∈ (1.895,2.005) and
d > 2.765.
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Figure 35: Comparision of Algorithms for ζ= 0 and ζ= d in face-
to-face communication for Labeled and Unlabeled exits
It can be observed that the curves are not monotonic for both
the algorithms. The change in monotonicity can be attributed to
the change in the worst case situations.
For ζ = 0, the change in monotonic behavior happens as fol-
lowing. At d = 0.38, Case 4a (ref. Fig. 17) to Case 3a (ref. Fig. 15).
At d = 1.11 Case 3a to Case 2a (ref. Fig. 11). At d = 1.95 Case 2a to
Case 3a (ref. Fig. 15). At 2.52< d < 2.85 it switches between Case
3a (ref. Fig. 14) and Case 3a (ref. Fig. 15). For d > 2.85 it is Case 1
where the robots move to the two probable exits E ′1 and E
′
2.
For ζ= d , there is a local minima at d = 0.4, where the situation
changes from Case 2c (ref. Fig. 25) to Case 1a (ref. Fig. 20). The
evacuation time increases, since the robots have knowledge of
only one exit instead of two. Then at d = 1.84, again the situation
changes from Case 1a to Case 1b (ref. Fig. 21). It continues with
Case 1b for 1.84< d <pi. At d =pi, there is a sharp drop, since the
robots can exactly determine the position of other exit.
As expected, for ζ = 0, evacuation time for labeled exits are
strictly monotonic with all the worst case situation occur only in
Case 3 E ′2 lies on ÙMX . For ζ= d in case of labeled exits, it is non-
monotonic at d = 0.42, where it switches from Case 3 to Case 1
and it continues with Case 1 until d =pi.
6. CONCLUSION
In this paper, we address the evacuation problem for two robots
in a unit disk with two exits located at arbitrary points on the
perimeter. We have considered both unlabeled and labeled ex-
its in the wireless and face-to-face communication models. As
per our findings from the simulation, the evacuation time for la-
beled exits is always smaller than unlabeled exits for same value
of ζ.
The minimum evacuation time for a particular value of d is
achieved for a particular value of ζ in the wireless communica-
tion model as per Fig. 34. It is still open to find out a function
which describes the relation between ζ and d in the same model.
We think that this is very close to the optimal solution for wire-
less communication model. The previous papers consider only a
single exit with ζ = 0, and the evacuation time for our algorithm
is the same for d = 0 in the same model.
The evacuation time for our algorithms in face-to-face com-
munication model are not close to the optimal value. For unla-
beled exits, both robots are required to meet for an agreement,
even if both have encountered exits, which in turn increases the
time traveled. Improvements to our proposed algorithms are pos-
sible by using detours similar to [7]. Although our work for two
exits is not comparable, but for d = 0, i.e., both exits coincide,
evacuation time is same as [6], which is less than [7]. For the
lower bounds, we consider only some specific set of points as
probable exit positions, this reduces the search space by a lot. In
conclusion, there is scope to improve the bounds for face-to-face
communication model.
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